which relaxes the rigid tangential-continuity condition on the interfaces between adjacent elements. Consequently, the size of system matrices will be significantly reduced from the total degrees of freedom (DoF) of the entire system to the DoF in a single element. Some large-scale problems, which are impossible to handle by conventional finite element time domain (FETD) methods, can be solved with the DGTD method, especially with the help of advanced technologies in parallel computing [10] [11] [12] [13] .
The DGTD formalism in the computational electromagnetics (CEM) community typically employs vector basis functions [14] , although the nodal DGTD method has also been developed, but is not as widely used [15] , [16] . According to the order of the governing equations, CEM applications of the DGTD method are typically classified into two categories: formulations based on the curl-curl wave equation [17] and those based on Maxwell's equations [18] [19] [20] [21] [22] . The former uses a single field variable (usually E or H), and unconditionally stable time integration can be achieved via the block LDU (lower-diagonalupper) method [17] , [49] . The latter employs two field variables, which facilitate the implementation of numerical flux and PML.
Recently, a novel variant of the DGTD method, which incorporates the concepts of domain decomposition in the frequency domain, has been proposed. In general, it divides the entire computational region into a few subdomains. Continuous FETD and/or SETD [32] [33] [34] [35] [36] [37] is employed inside each subdomain, while numerical flux is used to exchange information between their exteriors. Therefore, it is referred to as the continuousdiscontinuous Gakerkin time domain method (CDGTD) or equivalently, the subdomain level DGTD method [38] . This scheme, which features a reduction in the total DoF and a smaller radius of the clustered semi-discretized operator compared to the standard DGTD method [29] , [46] , was first proposed by Gedney et al. in [36] using central flux with E and H as the field variables. It was further developed by Chen et al. in [23] , [24] , where upwind flux was employed to solve multiscale problems with a high degree of accuracy. Later Ren et al. and Tobón et al. expanded this approach to include the EB scheme, which is a more efficient realization of the discrete Hodge to suppress spurious modes [25] [26] [27] [28] . Meanwhile, a version of the CDGTD method with nodal basis functions has been proposed by Angulo et al. in [29] . In terms of a suitable time integration scheme 0733-8724 © 2017 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
See http://www.ieee.org/publications standards/publications/rights/index.html for more information.
for the CDGTD method, the well-accepted explicit Runge-Kutta or the leap-frog technique can be employed [16] , [21] , [40] . In addition, implicit-explicit hybrid time stepping [24] can be applied for multi-scale problems, while an implicit scheme for sequential structures has also been proposed for electrically small problems [30] , [31] . In contrast to the progress in radiowave and microwave frequencies, a framework for the CDGTD method that incorporates dispersive media in the optical regime has not yet been developed. At optical wavelengths, metals cannot be simply treated as a PEC material. Instead, a Drude model is usually used to approximate the dispersion of metals. In order to take into account the wideband response of Drude media, we propose a leap-frog continuous-discontinuous Galerkin time domain (LP-CDGTD) method with E and B as the field unknowns. This will significantly benefit the study of plasmonic structures such as metamaterials and metasurfaces. Moreover, compared to other time domain approaches, such as FDTD and PSTD, this method can provide a better geometrical approximation of the curved surfaces and fine features.
Some characteristics of previous CDGTD formulations have been incorporated into the proposed LP-CDGTD method such as the EB scheme, the unsplit-field Maxwellian PML and hprefinement [25] [26] [27] , [30] . In addition, some important aspects of the conventional DGTD method have been retained, such as the leap-frog time stepping for PML [21] , and the auxiliary differential equation (ADE) technique for dispersive media [41] .
The new contributions of this paper are two-fold. First, we use the E-J collocation [42] to discretize the polarization currents in space and time, and solve the coupled ADE and MaxwellAmpere equation with the leap-frog time integration scheme. This represents the first CDGTD framework for dispersive media. Second, the effectiveness of this proposed approach has been demonstrated by applying it to two example problems. In the first case, it was employed to simulate the wideband response of nanoloop antennas and in the second case it was utilized to conduct parametric studies on dual-band infrared absorbers.
II. METHODS AND FORMULATIONS

A. Spatial Discretization of Drude Media
The first-order Maxwell's equations along with the ADE for materials with Drude dispersive properties are as follows:
where E and B are the electric field density and magnetic flux density, respectively. J i is the imposed electric current density while M i is the imposed magnetic current density. ε 0 , μ 0 , ε r , μ r , σ e and σ m denote the respective free-space permittivity, free-space permeability, relative permittivity, relative permeability, electric conductivity and magnetic conductivity. Finally, J m , v c,m , and ω p,m correspond to the polarization currents, the collision frequency and the plasma frequency associated with the mth pole, whereas M is the total number of the poles. In the LP-CDGTD method, the EB scheme realization of the discrete Hodge is used, i.e., the curl-conforming basis functions and divergence-conforming basis functions are employed to discretize the unknown field vectors E and B. For those readers interested in more details about the advantages of this scheme and the construction process of the associated basis functions, we recommend [25] [26] [27] [28] . The polarization currents are discretized by the same curl-conforming basis functions as those used for E, and they are also evaluated at the same time grids as E. This configuration, which is also widely used in the DGTD method [41] , is referred to as E-J collocation in the FDTD community [42] . The curl-conforming basis functions, Φ, are used to test (1) and (3), and the divergence-conforming basis functions, Ψ, are used to test (2) . The adjacent subdomains are coupled with the upwind flux, i.e., Riemann solver, thus the semi-discrete system of equations for the kth subdomain can be written as:
where
, l is the index of the adjacent subdomain, V is the volume of the element and T is the transpose of a vector. The elemental expressions for the other system matrices can be found in [25] , [26] .
B. Leap-Frog Time Stepping Scheme for Drude Media
In the proposed LP-CDGTD method, the electric filed intensity and the polarization currents are evaluated at t n = nΔt, and the magnetic flux density is evaluated at t n +1/2 = (n + 1/2)Δt. Applying central differences on (4) at t n , and on (5) and (6) at t n +1/2 , we can obtain the full discrete system equations as follows:
Note that the two dissipative terms L
n −1/2 require a backward approximation, in which the values of the magnetic flux density at t n +1/2 were used instead of the average at t n . This procedure aims to avoid the implicit nature of the system, which makes the domain decomposition feasible. It is straightforward to update the term b
found in (7), as follows:
However, since the electric field intensity and the polarization current are coupled, (8) and (9) need to be solved together. We first express j
. By substituting (11) into (8), it follows that e (k ) n +1 can be updated via
Since e
n +1 has been obtained in (12) , all the quantities on the right-hand side of (11) are known, then j (k ) m ,n+1 can be calculated.
C. Spatial Discretization of PML
To mimic the open free space, an EB scheme unsplit-field Maxwellian PML is employed, which is based on the ADEs. The semi-discrete system equations are [26] :
whereē (k ) andb (k ) are the auxiliary fields for the PML region.
D. Leap-Frog Time Stepping Scheme for PML
To extend the leap-frog temporal integration scheme to the semi-discrete system (13)- (16) , the auxiliary fieldsb andē should be evaluated at t n and t n +1/2 , respectively. The full discrete equations are given in (17)- (20) .
Finally, the updating sequence is exhibited in (21)- (24) .
III. NUMERICAL RESULTS
In this section the LP-CDGTD method is validated and applied to three different cases to demonstrate its effectiveness and efficiency.
A. Ultra-Wideband Analysis of a Gold Nanoloop Antenna
The LP-CDGTD method is used here to calculate the ultra-wideband scattering parameter and directivity of a gold nanoloop antenna. The results are compared to those from FEKO, which is a reliable and widely-used computational electromagnetics software package. The radius and the thickness of the gold nanoloop are R = 523.5 nm and 2r = 110 nm, respectively, as shown in Fig. 1(a) , and the loop is fed by a delta gap voltage source located at (477.5, 0, 0) nm. The gold nanoloop employs a Drude model with the infinite-frequency permittivity ε ∞ = 1, a plasma frequency ω c = 1.196 × 10 16 rad/s, and a collision frequency v c = 80.521 × 10 12 Hz [50] . The excitation used in the LP-CDGTD method is the 1st order derivative of the Blackmann-Harris Window (BHW) pulse [45] with a characteristic frequency of 200 THz. The number of time steps is 4000 with a time step length of 0.025 fs, thus the spectrum resolution is 10 THz. In FEKO, the integral equations based solver is employed, and the solution frequency sweeps from 10 THz to 600 THz with an interval of 10 THz.
The mesh of the entire physical region is shown in Fig. 1(c) . High order hexahedrons are utilized to discretize the free space above and below the nanoloop, while the nanoloop and its surrounding space are meshed with low order tetrahedrons to accurately represent the curved surfaces of the loop. This hprefinement scheme can approximate the geometry with a high degree of accuracy and can lead to significantly reduced DoF as well.
The scattering parameter of the voltage port calculated from the LP-CDGTD method is compared with that of FEKO as illustrated in Fig. 2 , where the wideband directivity is calculated in four directions (i.e., (θ = 90
• , ϕ = 180
) via a near-to-farfield transformation, and compared with FEKO in Fig. 3 . It can be observed that the results from the LP-CDGTD method agree well with those from FEKO, indicating the effectiveness of the proposed approach. The larger difference at high frequency is mainly attributed to the relative lower mesh density that has been employed. The computational overhead comparison is made in Table I . All the simulations in this paper were run on the same desktop computer (Intel XEON E5-2609 2.5-GHz four-core processor with 32 GB memory). Since the surface mesh of FEKO requires much less DoF, the memory consumption is only about 15% of that required by the LP-CDGTD method. The property of one-shot wideband analysis exhibited by LP-CDGTD method expedites the simulation time, which is only 66% of that required by FEKO.
B. Ultra-Wideband Analysis of a Gold Nanoloop Antenna on a Substrate
In practical implementations, plasmonic structures are usually fabricated on substrates. Therefore, we further consider a more realistic model that consists of a nanoloop placed on a glass substrate, as shown in Fig. 4 .
The size of the dielectric substrate is 1600 nm × 1600 nm × 200 nm. The permittivity of the glass substrate is assumed to be 5.5. The scattering parameter and the directivity at (θ = 90
• , ϕ = 270 • ) are calculated based on the new configuration. Fig. 4(b) displays the hybrid mesh of the physical region. Under these new conditions, good agreement of the scattering parameter and directivity from FEKO and the LP-CDGTD method can still be obtained as illustrated in Figs. 5 and 6. The oscillation is more obvious at high frequencies compared to the case without the inserted substrate. In this case, the LP-CDGTD method outperforms FEKO in both time and memory consumption as demonstrated in Table II , especially since it only requires less than 5% of the time when compared to FEKO. The reason is mainly attributed to the advantage of differential equations over integral equations. In the LP-CDGTD method, which employs a volumetric mesh, the inserted substrate will only slightly add to the DoF, thus the subsequent time and memory consumption will not increase significantly (4.7 min and 0.17 GB, respectively). However, as the integral equation solver in FEKO adapts the surface mesh, the DoF increase dramatically from 5722 to 20782. This is due to the introduction of the substrate, which causes the time and memory to increase dramatically. Therefore, the LP-CDGTD method is well-suited for simulations of nano-architectures with substrates. 
C. Dual-Band Infrared Absorber
The proposed LP-CDGTD method is applied here to numerically investigate the properties of a dual-band infrared absorber with reconfigurable response. The infrared absorber is comprised of a gold elliptical nanodisk array on top of a thin SiO 2 dielectric spacer (ε r = 2.5) and an optically thick gold mirror as shown in Fig. 7(a) , while Fig. 7(b) depicts the unit cell configuration. This dual-band absorber was originally studied by Zhang et al. in [43] . The advantages of the design include its broadband operating range, fabrication-friendly layout and the potential to achieve reconfigurability. The simulation tool utilized to perform the analysis in [43] was the commercial software package Lumerical, in which the dispersive model for gold was based on the experimental data found in [44] . Note that in our study based on the LP-CDGTD method, we have employed a Drude model for the gold instead of the experimental model, with the infinite-frequency permittivity ε ∞ = 1, the plasma frequency ω c = 1.37 × 10 16 rad/s, and the collision frequency v c = 1.2 × 10 14 Hz. Therefore, the reflectivity may be slightly different from that reported in [43] due to the discrepancy in the material model used for gold. However, this small difference does not hinder the conclusions drawn from our parametric studies, such as the influence of the period and the thickness of the nanodisk array on the response of the system. To validate the effectiveness of the LP-CDGTD method, a specific configuration of the unit cell was simulated and the corresponding results were compared to those obtained from FEKO. The length of the two axes and the thickness of the nanodisk array are a = 240 nm, b = 360 nm, and d = 20 nm, respectively. The thickness of the SiO 2 dielectric layer and the gold film is 30 nm and 150 nm, respectively. In FEKO, the unit cell is simulated using a periodic boundary condition. The observed frequency is varied from 150 THz to 300 THz with a step size of 5 THz. In the LP-CDGTD method, the boundaries perpendicular to the x (y) axis are assigned as PEC (PMC), which is a convenient way to mimic the unit cell with a normal incident plane wave illumination. In the z direction, PML is employed to truncate the physical region. The source type utilized for the wideband excitation plane wave is a 1st order derivative of the Balackman-Harris window (BHW) pulse with a characteristic frequency of 100 THz. The number of time steps in the LP-CDGTD method was chosen to be 10000 with a step length of 0.02 fs, which yields a spectrum resolution of 5 THz.
The results from the two approaches are compared in Fig. 8 , which demonstrates very good agreement. The computational resource overhead is provided in Table III . It can be concluded that the LP-CDGTD method is not only effective but also more efficient since it only requires about one fourth of the time as FEKO.
Next, we use the LP-CDGTD method to investigate the reconfigurable properties of the dual-band plasmonic absorber. The two absorption peaks are associated with the values of the two axes of the elliptical nanodisk, respectively. It is reported in [43] that they can be tuned both in parallel as well as individually. Here, we study the influence of the thickness (d) of the nanodisk and the period (p) of the unit cell on the reflectivity spectrum. In this study, the thickness of the SiO 2 substrate and the gold mirror, as well as the two axes of the elliptical nanodisk are held constant. In the first study, p is varied from 600 nm to 800 nm with a fixed value of d = 20 nm, while in the second study, d varies from 15 nm to 25 nm with p = 600 nm. The reflectivity obtained for these configurations is exhibited in Fig. 9 . It is evident that the absorbance will decrease as the period increases. Meanwhile, a larger thickness of the nanodisk will facilitate better absorbance as well as shift the peak to a higher frequency. Furthermore, a perfect dual-band absorber is achieved when d = 25 nm and p = 600 nm.
IV. CONCLUSION
In this paper, the EB scheme continuous-discontinuous Galerkin time domain method has been extended to be compatible with Drude dispersive media. The technique employs E-J collocation to discretize the polarization currents in space and time. The leap-frog time stepping scheme has been utilized to update the discrete system equations in both the dispersive media and PML regions. The effectiveness of the LP-CDGTD method, along with its efficiency in terms of computational overhead requirements, has been validated via comparison to a commercial software package. In addition, this approach has been successfully applied to obtain the wideband response of a gold nanoloop antenna and conduct parametric studies of a dualband plasmonic absorber. In particular, it is highly advantageous in simulations of nano-architectures with substrates. Hence, the LP-CDGTD method can be utilized as a more efficient forward modeling tool in parametric studies and optimization of plasmonic structures.
